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Abstract
In this paper, we investigate the existence and uniqueness of solutions for a
diﬀerential equation of fractional-order q ∈ (1, 2] subject to nonlocal boundary
conditions involving Caputo derivative of the form




0 < 1 < σ < β1 < β2 < 2 < 1, 0 <μ < 1, and δ, a, b, c are real constants. We make use
of some standard tools of ﬁxed point theory to obtain the desired results which are
well illustrated with the aid of examples.
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1 Introduction
The study of fractional-order diﬀerential equations supplemented with a variety of initial
and boundary conditions, such as classical, nonlocal, multi-point, periodic/anti-periodic,
and integral boundary conditions, has attracted signiﬁcant attention in recent years. In
consequence, the literature on the topic is now much enriched and covers theoretical as-
pects as well as analytic/numericalmethods for solving fractional-order initial and bound-
ary value problems. The widespread applications of fractional calculus modeling tech-
niques in several disciplines of applied and technical sciences have played a key role in
the popularity of the subject. Examples include viscoelasticity, control theory, biological
sciences, ecology, aerodynamics, electro-dynamics of complexmedium, environmental is-
sues, etc. An important and useful feature characterizing fractional-order diﬀerential and
integral operators (in contrast to integer-order operators) is their nonlocal nature that ac-
counts for the past and hereditary behavior of materials and processes involved in the real
world problems. For examples and details, we refer the reader to the works [–].
© 2015 Ahmad et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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Nonlocal conditions, introduced by Bitsadze and Samarskii [], are regarded as more
plausible than the classical initial/boundary conditions in view of their ability to describe
certain peculiarities of chemical, physical or other processes happening inside the do-
main. Computational ﬂuid dynamics (CFD) studies of blood ﬂow indicate that it is not al-
ways possible to assume circular cross-section of blood arteries. Several approaches have
been proposed to resolve this issue. However, the idea of introducing integral boundary
conditions [] is found to be quite a productive one. Also, integral boundary conditions
are applied to regularize ill-posed parabolic backward problems in time partial diﬀeren-
tial equations, see, for example, mathematical models for bacterial self-regularization [].
Some recent results on fractional-order boundary value problems involving nonlocal and
integral boundary conditions can be found in [–] and the references cited therein.
In this paper, motivated by the utility of nonlocal integral boundary conditions in sev-
eral diverse disciplines, we propose a new class of Caputo type nonlocal boundary value
problems supplemented with integral boundary conditions. In precise terms, we consider
the following problem:
cDqx(t) = f (t,x),  < q ≤ , t ∈ [, ], (.)




where f : [, ] × R → R is a given continuous function,  <  < σ < β < β <  < ,
 < μ < , and δ, a, b, c are real constants. The integral boundary condition in (.) can be
interpreted as the linear combination of the values of Caputo derivative of the unknown
function of order μ ∈ (, ) at nonlocal positions  and  (oﬀ the strip) is proportional
to the strip contribution of the Caputo derivative of the unknown function, occupying the
position (β,β).
The content of the paper is organized as follows. Section  is devoted to some basic
concepts and a lemma concerning the unique solution of a linear variant of problem (.)-
(.). In Section , we present ourmain results which are obtained via Krasnoselskii’s ﬁxed
point theorem, Schauder type ﬁxed point theorem, nonlinear alternative for single-valued
maps and Banach’s theorem. It is imperative to note that the exposition of indicated tools
of ﬁxed point theory is new in the context of problem (.)-(.). Finally, we discuss some
examples for illustration of the main results.
2 Preliminaries
First of all, we recall some basic deﬁnitions.
Deﬁnition . [] For at least n-times absolutely continuously diﬀerentiable function h :





(t – s)n–q–h(n)(s)ds, n –  < r < n,n = [q] + ,
where [q] denotes the integer part of the real number q.
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Deﬁnition . [] The Riemann-Liouville fractional integral of order q for a continuous






(t – s)–q ds, q > ,
provided the integral exists.
Next we present an auxiliary lemma to deﬁne the solution for problem (.)-(.).
Lemma . Let y ∈ L[, ] and x ∈ AC[, ]. Then the solution of the linear fractional
diﬀerential equation
cDqx(t) = y(t),  < q ≤ , t ∈ [, ], (.)






































A = a 
–μ





( –μ) – c
(β–μ – β–μ )
( –μ) = . (.)
Proof It is well known that the general solution of the fractional diﬀerential equation (.)





(q) y(s)ds + c + ct, (.)
where c, c ∈R are arbitrary constants. Applying the boundary conditions (.) and using




















































Substituting the values of c, c in (.), we get (.). This completes the proof. 
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3 Main results

























































where C = C([, ],R) denote the Banach space of all continuous functions from [,] to
R endowed with the norm: ‖x‖ = sup{|x(t)|, t ∈ [, ]} and A is given by (.). Observe
that problem (.)-(.) has solutions if and only if the operator S has ﬁxed points. For
computational convenience, we set
ϑ =

(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(βq–μ+ – βq–μ+)
(q –μ + )
)
, (.)
ϑ = ϑ –

(q + ) . (.)
Now we state the known ﬁxed point results which we need in the forthcoming analysis.
Lemma . (Krasnoselskii []) Let Q be a closed, convex, bounded and nonempty sub-
set of a Banach space Y . Let φ, φ be operators such that (a) φν + φν ∈ Q whenever
ν,ν ∈Q; (b) φ is compact and continuous; and (c) φ is a contraction mapping. Then
there exists ν ∈Q such that ν = φν + φν .
Lemma . [] Let X be a Banach space. Assume that T : X −→ X is a completely con-
tinuous operator and the set V = {u ∈ X|u = 
Tu,  < 
 < } is bounded. Then T has a ﬁxed
point in X.
Lemma . (Nonlinear alternative for single-valued maps []) Let E be a Banach space,
E be a closed, convex subset of E, V be an open subset of E, and  ∈ V . Suppose that
U : V −→ E is a continuous, compact (that is, U (V ) is a relatively compact subset of E)
map. Then either
(i) U has a ﬁxed point in V , or
(ii) there is x ∈ ∂V (the boundary of V in E) and κ ∈ (, ) with x = κ U (x).
Our ﬁrst existence result is based on Lemma ..
Theorem . Let f : [, ]×R→R be a continuous function satisfying the following con-
ditions:
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(H) |f (t,x) – f (t, y)| ≤ |x – y|,  > , ∀t ∈ [, ], x, y ∈R;
(H) |f (t,x)| ≤ ω(t), ∀(t,x) ∈ [, ]×R, ω ∈ C([, ],R+).
Then problem (.)-(.) has at least one solution on [, ] if ϑ < , where ϑ is given by
(.).
Proof Let us introduce a set Bρ = {x ∈ C : ‖x‖ ≤ ρ} with ρ ≥ ‖ω‖ϑ, where ‖ω‖ =
























































For x, y ∈ Bρ , it is easy to show that ‖(Sx) + (Sy)‖ ≤ ‖ω‖ϑ ≤ ρ , which implies that Sx+










∣∣f (s,x(s)) – f (s, y(s))∣∣ds
+
( |δ|σ




























| – δ|(q + ) +
( |δ|σ















(q –μ + )
)}
‖x – y‖
≤ ϑ‖x – y‖,
which, in view of the condition ϑ < , implies that the operator S is a contraction. Fur-























(q + ) .
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|t – t|q +
∣∣tq – tq
∣∣],
which tends to zero independent of x as t – t −→ . This shows that S is relatively com-
pact on Bρ . Hence, by the Arzelá-Ascoli theorem, S is compact on Bρ . Thus all the as-
sumptions of Lemma . are satisﬁed. So problem (.)-(.) has at least one solution on
[, ]. This completes the proof. 
In the next result, we make use of Lemma ..
Theorem . Assume that there exists a positive constant L such that |f (t,x)| ≤ L for all
t ∈ [, ], x ∈ C . Then there exists at least one solution for problem (.)-(.).
Proof In the ﬁrst step, it will be shown that the operator S is completely continuous.
Clearly the continuity of S follows from the continuity of f . Let V ⊂ C([, ],R+) be





























































(q –μ + )
])
= L.
Hence, for t, t ∈ [, ], it follows that
∣∣(Sx)(t) – (Sx)(t)∣∣ ≤
∫ t
t
∣∣(Sx)′(s)∣∣ds≤ L(t – t).
Therefore, S is equicontinuous on [, ]. Thus, by the Arzelá-Ascoli theorem, the operator
S is completely continuous.
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Next, we consider the set U = {x ∈ C : ξSx,  < ξ < } and show that U is bounded. Then,






















































and |x(t)| = ξ |(Sx)(t)| ≤ Lϑ = L. In consequence, we get ‖x‖ ≤ L, ∀x ∈ U , t ∈ [, ]. So
U is bounded. Thus, by the application of Lemma ., problem (.)-(.) has at least one
solution. This completes the proof. 
The following theorem deals with the uniqueness of solutions for problem (.)-(.).
Theorem . Let f : [, ] × R −→ R be a continuous function satisfying the condition
(H) and that ϑ < , where ϑ is given by (.). Then there exists a unique solution for
problem (.)-(.) on [, ].
Proof In the ﬁrst step, we consider the operator S : C −→ C deﬁned by (.) and show that
SEr ⊂ Er , where Er = {x ∈ C : ‖x‖ ≤ r} with supt∈[,] |f (t, )| = α and r > ϑα–ϑ for x ∈ Er ,








































≤ (r + α)ϑ ≤ r.
This shows that SEr ⊂ Er , where we have used (.).
Now, for x, y ∈ C and for each t ∈ [, ], we obtain






∣∣f (s,x(s)) – f (s, y(s))∣∣ds





∣∣f (s,x(s)) – f (s, y(s))∣∣ds
+
( |δ|σ















∣∣f (s,x(s)) – f (s, y(s))∣∣ds








∣∣f (u,x(u)) – f (u, y(u))∣∣duds
)}
≤ ϑ‖x – y‖,
which, by the assumption ϑ < , implies that the operator S is a contraction. Thus, Ba-
nach’s contraction mapping principle applies and there exists a unique solution for prob-
lem (.)-(.). This completes the proof. 
Our ﬁnal result relies on Lemma . (nonlinear alternative for single-valued maps).
Theorem . Let f : [, ]×R−→R be a continuous function, and assume that
(H) there exist a function p ∈ C([, ],R+) and a nondecreasing function ϕ : R+ −→ R+
such that |f (t,x)| ≤ p(t)ϕ(‖x‖), ∀(t,x) ∈ [, ]×R;





(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(βq–μ+ – βq–μ+)
(q –μ + )
)}]–
> .
Then problem (.)-(.) has at least one solution on [, ].
Proof We complete the proof in several steps. As a ﬁrst step, we show that the operator
S : C −→ C deﬁned by (.) maps bounded sets into bounded sets in C . For a positive










































(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(βq–μ+ – βq–μ+ )
(q –μ + )
)}
.
Next, it will be shown that the operator S maps bounded sets into equicontinuous sets
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[ [|t – t|q + |tq – tq |]











(q –μ + ) + |c|
(βq–μ+ – βq–μ+)
(q –μ + )
)]
.
Clearly, the right-hand side tends to zero independent of x ∈ Bν as t −→ t. Thus, by the
Arzelá theorem, the operator S is completely continuous.
Let x be a solution of problem (.)-(.). Then, for λ ∈ (, ), using the method of com-
putation employed to show the boundedness of the operator S , it can be found that
∣∣x(t)∣∣ = ∣∣λ(Sx)(t)∣∣ ≤ ϕ(‖x‖)‖p‖
[ 
(q + ) +
|δ|σ q









(q + ) +
(|a|q–μ + |b|q–μ )
(q –μ + )
)]
.






(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(βq–μ+ – βq–μ+)
(q –μ + )
)}]–
≤ .
In view of (H), there exists M such that ‖x‖ =M. Let us select a set N = {x ∈ C : ‖x‖ <
M + }. Observe that the operator S :N −→ C is continuous and completely continuous.
From the choice ofN , there is no x ∈ ∂N such that x = λS(x) for some λ ∈ (, ). Thus, by
Lemma ., we deduce that the operator S has a ﬁxed point x ∈ N which is a solution of
problem (.)-(.). This completes the proof. 
Example . Consider a fractional boundary value problem given by
{
cD/x(t) = t sinx +
e–t
 tan
– x +  , t ∈ [, ],





Here, δ = /, q = /, a = , b = , c = , σ = /,  = /,  = /, β = /, β = /,
μ = / and f (t,x) = t sinx +
e–t
 tan

















(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(ξ q–μ+ – βq–μ+ )
(q –μ + )
)
= ..
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Clearly  < 
ϑ
. Thus all the conditions of Theorem . are satisﬁed and, consequently,
there exists a unique solution for problem (.) on [, ].
Example . Consider problem (.) with
f (t,x) = (t/ + )(cosx + sinx/). (.)





(q + ) +
|δ|σ q
| – δ|(q + ) +
( |δ|σ













(q –μ + ) + |c|
(ξ q–μ+ – βq–μ+ )
(q –μ + )
)}}–
> ,
we ﬁnd that M > .. As the hypothesis of Theorem . is satisﬁed, therefore, its
conclusion implies that there exists at least one solution for problem (.) with f (t,x) given
by (.).
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